A numerical technique for the solution of the structural dynamics equations of motion is presented. The structural dynamics mass and momentum conservation equations are solved using a control volume technique which is secondorder accurate in space along with a dual time-step scheme that is second order accurate in time. The momentum conservation equation is written in terms of the Piola-Kirchoff stresses and the displacement velocity components. The stress tensor is related to the Lagrangian strain and displacement tensors using the St. Venant-Kirchoff constitutive relationship. Source terms are included to account for surface pressure and body forces. Verification of the structural dynamics solution procedure is presented for a two-dimensional vibrating cantilever beam. In addition, the structural dynamics solution procedure has been implemented into a general purpose two dimensional conjugate heat transfer solution procedure that uses a similar dual time-step control volume technique to solve the fluid mass, energy, and Navier-Stokes equations as well as the structural energy heat conduction equation. The resulting overall solution procedure allows for solutions to fluid/structure, fluid/thermal, or fluid/thermal/structure interaction problems. Verification of the multidisciplinary procedure is performed using a cylinder with a flexible solid protruding downstream that mimics a cylinder-flag configuration. The approach is a proof of concept for compressible flow with continuum based solids. The methods are currently being extended to 3D flow fields and solids.
Introduction
During the design cycle of aerodynamic configurations, engineers limit the possibility of structural fatigue through analysis of resonant modes at design and off-design conditions. In the past, this has involved performing analyses of an array of aerodynamic conditions that encompass all likely aerodynamic disturbance frequencies and phase of vibrations to obtain a measure of the structural damping response, known as the aerodynamic damping. Aerodynamic damping is a measure of the work done by the unsteady aerodynamic forces on the aerodynamic body. When the aerodynamic damping becomes negative and relatively large, the resulting aerodynamic body motion is unstable and steps are taken to change the design by increasing thickness or other geometric parameters and/or by altering the flow.
Analyses performed over the array of unsteady aerodynamic conditions to determine aerodynamic damping have traditionally involved first performing steady finite element analysis of the aerodynamic body to determine the resonant mode shapes and frequencies. Next, Navier-Stokes analyses of fixed, rigid geometry are performed at each aerodynamic condition to determine the mean flow field. After that, analyses of the unsteady (perturbation) flow are performed at each mean-flow aerodynamic condition corresponding to the possible forcing modes, frequencies, and vibration phases that could occur. Each analysis provides a prediction of the aerodynamic damping for those conditions. By performing these analyses in the frequency domain rather than in the time domain, each analysis can be performed fairly quickly similar to the steady mean flow analysis. The array of analyses can thus determine under what aerodynamic conditions and what areas of the aerodynamic body where resonant stress/fatigue might be possible through the prediction of the aerodynamic damping.
Many times the continuum of the structure is reduced to simple deformation elements, such as a combination of a torsion bar and a spring, for structure fluid interaction simulation. This is often done in 2D problems as the 3D physics of a continuum structural domain is difficult to reduce for many practical structure/fluid interaction problems. Nguyen et al. 1 provide an example of this method in which he reduces the wing of a commercial plane down to a spring and a torsion bar. Ou and Jameson perform 2D examples with a torsional spring on a pitching airfoil and with a cylinder attached to a spring. 2 A common method of modeling structure/fluid interaction is the modal method. In standard mesh decomposition, the difference in stable time step for the structural domain, and the fluid domain is usually too large. In order to compensate for this, the structural domain is decomposed into dominant deformation modes to reduce the need for exceedingly small time steps in the structural domain. Many times the structural domain and the fluid domain are not marched at the same rate; the solid domain is marched at large implicit time steps while the fluid domain is marched at small explicit time steps. Harash et al. has performed examples of this method. 3, 4 Quan et al. perform an example of the modal method using a delta wing. 5 Liu et al. have also performed 3D fluid/structure interaction (FSI) examples using the modal method observing the airfoil shape, AGARD 445.6. 6 In turbomachinery, a series of decoupled analysis are often performed. The physics of the structure is not modeled with the flow. Instead, the motion of the structural domain is prescribed in one of the dominant deformation modes, while the flow is modeled around the motion of the moving blade. The solution is obtained in the frequency domain for a faster analysis. From this analysis, aerodynamic damping is extracted. This method typically results in a series of simulations that utilize multiple blade deformation modes on multiple points of the performance curve of the compressor or turbine. The series of simulations is further increased by the observation of multiple blade rows because the series must account for multiple vibration modes for the various blade rows, as well as different phase angles for the different blade rows and passages. Examples can be seen in Hoyniak and Clark's 7 and Hall and Clark's 8 papers.
The structural dynamics solution approach used in this investigation consists of a time-marching, control volume scheme that solves the integral form of the mass and momentum conservation equations. A dual time-step algorithm is used to integrate the governing equations in time for both solid and fluid mechanics in a monolithic approach. The resulting numerical approach is second-order accurate in space and time that is tightly coupled between the solid and fluid domains. The structural dynamics momentum equation is written in terms of displacement velocity components and the first Piola-Kirchhoff stress tensor. Surface pressure and body forces are included as source terms. The stress tensor is related to the Lagrangian strain and displacement tensors using the St. Venant-Kirchhoff constitutive relation.
Structural dynamics solution procedure
The equations that describe the transient deflection of a solid body as well as the stress field in the relative frame of the solid body can be written in the Lagrangian frame as Solid mass conservation : 0 ¼ @qV @t
where V s is the volume of the solid and M s is the solid mass.
Solid momentum conservation :
where u i is the vector of displacement velocity components given by the time derivative of the displacement components, @D i @t , P ij is first Piola-Kirchhoff stress, X i is a coordinate vector in referential space, q s0 is the density of the solid in a referential configuration, and f is a source term due to body forces (gravity, centrifugal, and centripetal). The most intuitive stress is Cauchy stress, r ij , which is a representation of forces on a body in an instantaneous configuration. First Piola-Kirchhoff stress is the representation of Cauchy stress projected onto a referential space.
Cauchy=first Piola-Kirchhoff projection :
where F is a configuration matrix that relates physical space to referential space. For convenience, this referential space is often the undeformed structural body.
In such a case, the configuration matrix takes a convenient form as a function of the displacement gradient.
where D is the displacement vector, and the gradient is taken in referential space. The Lagrangian strain is related to the displacements through the kinematic relations Strain=displacement relation :
Typically, the terms in the displacement gradient are much less than 1. The nonlinear terms of strain are a product of these gradients. As a result, under small strains, the nonlinear term becomes negligibly small, and the problem becomes linear. For the problems considered in this investigation, the large displacement relation is used. Although there is little extension and compression, there are large rotations, which become significant in the model.
Furthermore, the difference between Cauchy stress and first Piola-Kirchhoff stress is negligible for small strains. In general, the stresses in the body are related to the strain through a strain energy function, W.
Strain energy function :
For several physical circumstances, this strain energy function can be simplified to a constitutive relationship. For a St. Venant-Kirchhoff material, the constitutive relation is shown in equation (8) .
St: Venant-Kirchhoff constitutive relation :
where S ij is the second Piola-Kirchhoff stress tensor, k is the first Lame´parameter, and l is the second Lameṕ arameter, which is also commonly known as the shear modulus. The constitutive relationship in equation (8) is often used for linearly elastic problems. The second Piola-Kirchhoff stress related to first Piola-Kirchhoff stress by another projection space projection.
Second Piola-Kirchhoff=first Piola-Kirchhoff relation :
The Lame´parameters can be related to the more commonly understood Young's modulus, E, and Poisson ratio, .
Equations (1) and (2) are second-order ordinary differential equations in time that are similar in form to the thermal, equation (12) , and fluid governing equations (18)-(21).
Solid heat conduction decoupled :
Coupled energy equation :
Equation (12) notes a simplified version of the energy equation; however strictly speaking, structural systems do not have thermal energy and mechanical energy thermally decoupled. Equation (13) shows fully coupled energy in solids. This equation shows that solids are subject to temperature changes due to compression and expansion. These effects are typically ignored as they are much smaller than temperature changes due to heat transfer. Although stress gradients are large, velocity gradients tend to be very small. These equations can be integrated over the cells that make up the solid to give the deflection velocity components. From the deflection velocity components and second-order backwards difference, we can find the new deflection in each coordinate direction by feeding the velocity into the following expression.
Displacement time integration :
In this equation, the superscript notes the location in global time, and Dt is global time step. This is done to maintain second-order accuracy.
Solution to the structural momentum, equation (2) is performed using a control-volume procedure that is consistent with the thermal and fluid schemes described below. Similar to the thermal and fluid, we also use the dual time-step scheme for unsteady simulations to allow for large time-step sizes. The number of inner iterations used in the dual time-step scheme can differ between the fluid, thermal, and structural solvers to account for differences in convergence rate when multidisciplinary simulations are performed.
In some structure fluid interaction tests, unrestricted hourglass modes become apparent in the solution. These modes, though nonphysical, destroy the numerical solution. In order to reduce these modes, hourglass stiffening is used. Hourglass stiffening is similar to hourglass viscosity; however rather than using the nodal velocities to obtain an hour glass rate to calculate an artificial smoothing force, as seen by Gottfried and Fleeter, 9 nodal displacements are used to obtain hourglass magnitudes. Figure 1 and equations (15) through (17) describe hourglass stiffening.
In this equation set, when multiple indices are used, i notes a direction, l notes a local node number, as dictated by Figure 1 Hourglass rate 9 
Hourglass force 9
2D structural dynamic solution results
The capability of the structural solver is validated by modeling a beam under gravity. 10 In this model, the beam experiences large displacements; therefore, the nonlinear effects of strain and the differences among the different stress tensors cannot be ignored. Table 1 shows the quantities associated with this model. As already stated, the structural system equations are solved in a finite volume formulation with displacement calculated at the vertices using a dual time step algorithm. The beam is discretized into 189 nodes, 9 nodes along the height and 21 nodes along the length. A global time step of 5 Â 10 À4 s is used. Figure 2 shows the beam in its un-displaced position, and the configuration of maximum displacement. Figure 3 shows a time series plot of tip displacement of the current solver. Excellent agreement exists between the x and y displacements obtained here and those found by Turek and Hron. 10
Fluid-structure interaction solution procedure
With advances in computer speed, automation, parallelization, and numerical techniques, a direct coupled fluid/thermal/structure approach to resonant stress/ fatigue analysis is now possible. The approach is to compute the coupled fluid, thermal, and structural fields simultaneously at design and off-design conditions. Bodies are allowed to deflect under the aerodynamic and thermal loads. The simulations produce stress and deflection fields under steady or unsteady flow conditions. Under unsteady flow conditions, the simulations also produce a measure of unsteady stress and deflection fields. The governing equations for the flow fields are now described.
For Arbitrary Lagragian-Eulerian (ALE) domains, a significant change occurs in the convective terms of the Navier-Stokes equations. The mesh motion results in a change in mass flux of the control volumes. Figure 1 . Description of deformation modes. 9 Included with permission from Gottfried. As a result, a convective velocity is defined by equation (18), in which u i is the material, fluid velocity, and U i is a mesh velocity.
Convective velocity :
For pure Eulerian domains, the mesh velocity is zero, and the equations become the traditional Navier-Stokes. For pure Lagrangian domains, the mesh velocity is equal to the material velocity and the convective velocity is zero. With the convective velocity as defined by equation (18), the unsteady, Favre-averaged governing flow-field equations for an ideal, compressible gas in the righthanded, Cartesian coordinate system using relativeframe primary variables can be written as Conservation of mass :
Conservation of momentum :
Conservation of energy :
The flow-field conservation equations, given in equations (19)-(21), are solved using a Lax-Wendroff control-volume time-marching scheme, as developed by Ni, 11 Dannenhoffer, 12 and Davis et al. 13 The numerical solution of unsteady flows is performed with a dual time-step procedure. 14 These techniques are second-order accurate in time and space. A multiple-grid convergence acceleration scheme 11 is used for steady, Reynolds-averaged solutions and the inner convergence loop of unsteady simulations using the dual time-step scheme. This scheme is illustrated for density in equation (22), in which s is pseudo time in which the solution progresses iteratively until the error, @q @s , approaches zero. The flow-field equations contain a first-order derivative in time. The primary variables of the flow field are obtained directly by this iterative method. The dual-time step approach used by Jameson 14 uses a fourth-order accurate Runge-Kutta time-marching method in pseudo time. The method in this study uses explicit Euler in pseudo time.
Dual time step :
@q @s ¼ À 3q nþ1 À 4q n þ q nÀ1 Dt À @qv @y À @qu @x
A multi-block, structured-grid strategy is used throughout the domain for both fluid and solids. Point-matched blocks are used. Blocks are constructed from multiple faces. Each face of a block is allowed to have an arbitrary number of sub-faces to enable virtually any connectivity of blocks and any combination of boundary conditions along a face of a block. Block connectivity and boundary condition information are defined by a global connectivity file.
Creation of the dynamic fluid/structural interaction procedure not only includes implementation of the structural dynamics procedure, but also includes (1) developing a method for displacing the fluid computational grid as the structural grid displaces, (2) modifying the structural solver to also include pressure and shear forces on the solid boundary generated by the fluid, (3) accounting for the mesh velocities in the fluid-governing equations as described above, and (4) implementing a technique to ensure smoothness in the displacement field.
The displacements of the solid domain are determined by the structural dynamic equations. The mesh of the fluid domain must conform to the surface of the solid. This is accomplished through a combination of transfinite interpolation, as seen in equation (23), and grid smoothing which D is the displacement vector, and t and s are fractions that describe the location of a point in computational space of a mesh block.
Transfinite interpolation of mesh displacement:
Dðs; tÞ ¼ ð1 À tÞDðs; 0Þ þ tDðs; 1Þ þ ð1 À sÞDð0; tÞ þ sDð1; tÞ À ð1 À tÞð1 À sÞDð0; 0Þ À tsDð1; 1Þ À tð1 À sÞDð0; 1Þ À sð1 À tÞDð1; 0Þ
(23)
For large fluid domain displacements such as those that could exist in fan blade passages, transfinite interpolation can lead to high cell skewness which can diminish stability and accuracy. To remedy this problem, fluid grid smoothing can be added each global time step. The grid smoothing technique proposed here, and demonstrated in our 2D code, is based on the finite difference, Poisson equation technique of Steger and Sorenson 15 and Thompson et al. 16 extended to multi-blocks. Grid smoothing with a Poisson procedure can be used to maintain grid orthogonality for cases with large deflection. The following explanation is kept to 2D for brevity. Each block in the computational domain (x,y) can be mapped to computational space (n,g) leading to a set of transformed Poisson equations ax nn À 2bx ng þ cx gg ¼ ÀJ 2 Px n þ Qx g ð Þ ay nn À 2by ng þ cy gg ¼ ÀJ 2 Py n þ Qy g ð Þ where
P and Q are forcing functions for controlling grid clustering near solid surfaces. These equations can be solved using a multi-block, alternating direction implicit (ADI) iterative method. Iteration between blocks is performed to ensure grid smoothness between blocks.
The displacements at the edges of the domain are either prescribed from a local solid domain, or held at a constant displacement. The velocities of the mesh nodes are also needed in fluid calculations. These velocities are obtained using the second-order backward difference equation. This can be seen in equation (25).
This is an implicit equation that is solved iteratively. The velocity is then used to calculate the displacement of the current iteration. Figure 4 shows an example of transfinite interpolations of displacements by showing the motion of a small cylinder within a large cylinder.
2D Fluid-structural dynamic solution results
The structural dynamic approach previously described has been incorporated into a two-dimensional conjugate heat transfer solution procedure called MBFLO2. The resulting procedure is completely general and can be used for nearly any single-or multidisciplinary application.
In order to verify the capabilities of the method, the solver will be used to model the cylinder (flag pole)-flag problem first described by Turek and Hron. 10 In this problem, flow is modeled about a fundamental shape, a rigid cylinder with a diameter D. The geometry is slightly modified from flow about a cylinder by the addition of a deformable flag at the rear of the cylinder which has similar geometric properties to the beam used to verify the structural solver alone. This body is modeled as if it is fully submerged inside a duct, with length, L, and height, H. Depending on Reynolds number, the flow pattern can result in either static or dynamic motions of the flag; low Reynolds number may yield a static flag displacement, and high Reynolds number may yield a dynamic tip displacement. The no-slip condition is applied at the walls of the duct, the cylinder, and the deformable flag. Dynamic behaviors of lift, drag, and tip displacement are commonly observed in this problem. Details of this model are depicted in Figure 5 . Turek and Hron 10 used finite element methods to discretize both the solid and fluid domains. The results from this study used the finite volume methods discussed in first section through fourth section. More details of the problem can be obtained from Turek and Hron. 10 A computational grid generation procedure was developed for the specific cylinder-flag geometry shown in Figure 5 . The procedure generates a multiblock, point-matched grid consisting of 21 blocks and 29,068 grid points (fine mesh) as shown in Figure 6 . The solid and the fluid domain are point matched. The effect of the mesh movement is accounted for in the fluid equations of motion as non-inertial velocities. On the flag surface, the boundary conditions for equation (2) involve specification of the body and aerodynamic force due to pressure and shear contained in f i . The inlet boundary condition uses a specified velocity distribution as described by Turek and Hron. 10 The domain can be decomposed such that the mesh region local to the solid is deformed. Figure 7 shows the type of domains used for the example problem in which only a portion of the fluid domain is deformed. This figure shows the computational grid regions for the cylinder-flag model problem 10 decomposed into solid regions, fluid regions with deforming mesh, and Eulerian fluid regions.
The mesh topology where the flag attaches to the cylinder was difficult to resolve. Stream-wise and viscous mesh fidelity could not be separated easily. Two mesh densities where investigated (normal and coarse) as shown in Figure 8 . Furthermore, the coarse mesh had difficulty resolving large displacements. The successive line relaxation smoother previously described was used on the coarse mesh to prevent grid overlap in the dynamic solution. The coarse mesh has 14,039 grid points and only 20 blocks.
The current solver fully couples the solid and fluid calculations. In each iterative step, solid calculations determine mesh deformation in the neighboring fluid domain updating both mesh displacement and velocity; meanwhile, body forces on the solid are determined by the flow field.
Unlike the method that Turek and Hron 10 used, the method in this study uses a compressible flow solver. Mach number was completely irrelevant in his method; however, is an essential quantifying property in our method. Unless otherwise stated, the average Mach number at the inlet used in our simulations is 0.15. This Mach number was chosen as a means to minimize compressibility effects and maintain similarity to the problem presented by Turek's incompressible methods. Furthermore, due to the presence of compressibility in this study, the channel in which the cylinder flag rests needed to be extended to 3.5 m to avoid the excitation of a harmonic wave in the flow field. In Turek and Hron's 10 study the channel was only 2.5 m.
Predicted results are shown in Figures 9 through 12 using the fluid/structure procedure developed in MBFLO2 for time steps of 0.00025 s. Transfinite interpolation is used to obtain an initial grid displacement. The grid is smoothed using the successive line relaxation method. Figure 9 shows the tip trajectory throughout the simulation in the fine mesh. Over time, the motion of the tip converges to a certain set of wave forms as depicted by the graph. Figure 10 shows the predicted ydisplacements (m) of the flag tip compared to results found by Turek and Hron. 10 The solution of Turek and Hron had a frequency and amplitude of 2 Hz and 0.08 m, respectively. The results from our FSI procedure give a displacement frequency of 1.7 Hz and amplitude of 0.07 m. The results of the current investigation also show higher harmonics as compared to the solution of Turek and Hron due to the increased fidelity of the current computational approach. Figure 11 shows the vertical tip displacement in the coarse mesh simulation. Figure 12 shows instantaneous Mach number contours at the extrema of the tip displacement demonstrating the shedding in the flow and the beam movement. The results from this test case confirm the ability of the structural dynamics technique and the FSI approach in MBFLO2 to predict large structural displacements accurately. Figure 13 shows Fast Fourier transforms (FFTs) of the tip displacements of various cases ran with time steps of 0.0005, 0.00025, and 0.0001 for both the coarse and normal mesh. A stable solution was not obtainable for the coarse mesh and a time step of 0.0005. Fast Fourier transforms were performed over the entire time domain of the solution. Some cases were allowed to run for longer periods of time. The coarse mesh studies tend to have broader bandwidth about the dominant frequency than the nominal mesh as well as less pronounced higher modes. Similar patterns are seen with decreasing time step size. 
Conclusion
A new and unique dual time-step, control-volume numerical technique has been developed for the solution of the two-dimensional structural dynamics conservation equations. Verification of the structural dynamics solution procedure shows excellent agreement with finite-element approach for a cantilever beam vibrating under gravity. The structural dynamics procedure was incorporated into a general, twodimensional, conjugate Navier-Stokes solution procedure to create a fluid/thermal/structure interaction approach. The numerical techniques used in this multidisciplinary procedure were described. Verification of the FSI procedure was performed for a cylinder-flag combination in which the shedding from the cylinder forced oscillation in the flag. The results obtained show good agreement with the finite-element approach. The current procedure predicts a frequency of 1.7 Hz for the flag tip displacement whereas the finite-element results predicts a frequency of 2 Hz. Time-step and grid-refinement investigations indicate that the differences are due to higher-order modes predicted in the current procedure as opposed to the finite-element approach. These investigations also showed that the solution was essentially invariant with time-step size and grid refinement. The approach and results shown are a proof of concept of the technique, which is currently being extended to three dimensions. the managers of Intelligent Light for providing an academic license to the Fieldview scientific visualization system.
